Abstract. We show that the list {3 1 , 4 1 , 5 2 , 6 1 , 6 2 , 6 3 , 7 2 , 7 3 , 7 4 , 8 4 , 8 7 , 8 9 } contains all 3-superbridge knots. We also supply the best known estimates of the superbridge index for all prime knots up to nine crossings.
Introduction
A knot is a piecewise smooth simple closed curve embedded in the three dimensional Euclidean space R 3 . Two knots are equivalent if there is a piecewise smooth autohomeomorphism of R 3 mapping one knot onto the other. The equivalence class of a knot K will be called the knot type of K and denoted by [K] .
The crookedness of a knot K embedded in R 3 with respect to a unit vector v is the number of connected components of the preimage of the set of local maximum values of the orthogonal projection K → R v, denoted by b v (K). Figure 1 illustrates an example. The superbridge number and the superbridge index of K, denoted by s(K) and s [K] , are defined to be 'max b v (K)' and 'min max b v (K)', respectively, where the maximum is taken over all unit vectors and the minimum taken over all equivalent embeddings of K. This invariant was introduced by Kuiper who computed the superbridge index for all torus knots [8] .
The classical invariant bridge index of a knot K, denoted by b [K] , is defined to be the least number of maximal overpass strings in all knot diagrams equivalent to K [14] . The bridge index can be described by using the crookedness b v (K). The bridge number of K, denotd by b(K), is defined to be 'min b v (K)' where the minimum is taken over all unit vector v. The bridge index of K is now obtained by taking again the minimum over all equivalent embeddings of K, i.e., b[K] = min min b v (K). For any non-trivial knots, the superbridge index is greater than Date: December 11, 2000 December 11, (1030 . This work was supported by Brain Korea 21 project. the bridge index. A knot whose bridge index (resp. superbridge index) is n will be referred to as an n-bridge knot (resp. n-superbridge knot).
In Section 2, we summarize the authors' previous work which proved that the 3-superbridge knots are among the 2-bridge knots up to nine crossings other than the three torus knots of type (2, 5) , (2, 7) and (2, 9) which are usually denoted by 5 1 , 7 1 and 9 1 , respectively, following the tables in [1, 13] .
In Section 3, we analyze all possible projections of a knot with superbridge number 3 into the plane perpendicular to a straight line meeting the knot in four distinct points. Finally in Section 4, we tabulate all prime knots up to nine crossings with the best known estimates of their superbridge index. Figure 3 . Patterns at the quadruple point 
A rough census of 3-superbridge knots
This section is a summary of the authors' proof in [5] that 3-superbridge knots are among the 2-bridge knots up to nine crossings other than the three torus knots 5 1 , 7 1 and 9 1 .
Every non-trivial knot has a quadrisecant, i.e., a straight line that meets the knot at four distinct points [11, 12] . The projection of a knot with superbridge number three, into the plane perpendicular to a quadrisecant, is the union of four simple loops based at a single point with at most six double points. More precisely, the projection is one of Figure 2 where each rectangle contains a horizontal 2-braid with at most three crossings. This implies that there are only finitely many knot types with superbridge index 3. The base point of the four loops in the projection mentioned is a quadruple point which can be loosened to be one of Figure 3 modulo the relations in Figure 4 . Therefore at most six double points are obtained from the quadruple point. Replacing each double point with a crossing, we obtain a knot diagram. The number of crossings in this diagram can be reduced to ten or less. In the case of ten crossings, the diagram is non-alternating. Since the minimal crossing diagrams of 2-bridge knots are alternating, we conclude that 3-superbridge knots are 2-bridge knots with no more than nine crossings. Among the fifty 2-bridge knots up to nine crossings, we exclude the three torus knots 5 1 , 7 1 In Table A and Table B, Table Q corresponds to the diagram in FIgure 5 .
As before, the symbol ' ' indicates a trivial knot. The new symbol ' ' first appears in Table D and indicates that there is a 2-braid with three crossings whose string orientations are not coherent. In this case, any embedding realizing the corresponding diagram and projection necessarily has superbridge number larger than three. See the 'Case 2' in the proof of [5, Sublemma 7] . As it first appears in Table E , we slashed on every 5 1 and 7 1 because we know that they have superbridge index 4. Another new symbol ' ' first appears in Table P and indicates that a subarc can be straightened to obtain a torus knot with superbridge index 4. Because this change does not increase the number of local maxima in any direction, it contradicts the hypothesis that we started with an embedding of superbridge number three. e  o  1a 3  3  1b 2  2a 2  2  2b 3  2  2c  2  2  2d  2e  4  3  2f  2g 2  2  2h 3  2  3a 2  2  3b 2  3c  2  2  3d  2  3e  3  4  3f  2  3g 2  2  3h 2  4a  4b  4c  3  2   e  o  4d  4e  2  3  4f  2  3  4g  4h 3  2  5a 2  2  5b  5c  2  2  5d 3  2  6a 2  2  6b  2  6c  2  2  6d 2  7a  7b  2  7c  2  3  7d 2  7e  2  3  7f  2  7g  7h 2   e  o  8a  8b  2  8c  2  3  8d  2  8e  3  2  8f  2  8g  8h  2  9a  9b  2  9c  3  2  9d  2  9e  2  3  9f  2  9g  9h  2  10a  10b 2  10c  3  2  10d 2  10e  3  2   e  o  10f  2  10g  10h 2  11a  11b  11c  2  3  11d 2  3  11e  2  3  11f  11g  11h 3  2  12a 2  3  12b  2  12c  12d  2  13a  2  13b 2  13c  2  13d 2  13e  2  13f  2   e o  13g  2  13h  2  14a  2  14b 2  14c 2  14d  2  15a  2  15b  2  15c 2  15d 2  15e 2  15f  2  15g  2  15h  2  16a 2 Table Q Throughout the Tables C-V, Reducible to "xy" in Table E : xywz, xzyw, xzwy, xwyz, yxwz, zxyw, zxwy, zyxw Reducible to "yx" in Table E : ywxz, ywzx, zywx, zwxy, zwyx, wxyz, wyxz, wyzx Reducible to "xyz" in Table G : xwyz, yxzw, yxwz, ywxz, wxyz Reducible to "xzy" in Table G : xzwy, xwzy, wxzy Reducible to "yzx" in Table G : yzxw, yzwx, ywzx Reducible to "zxy" in Table G : zxwy, zyxw, zywx, zwxy, wzxy Table V knots, UB3 shows no significant role in this work. For 2-bridge knots and 3-bridge knots, UB4 gives 7 and 12, respectively, hence no better bounds than UB2. Finally, we would like to conjecture that the population of 3-superbridge knots is two.
